Four-dimensional super-twistors provide a compact covariant description of on-shell N = 4 d=4 super-Yang-Mills. In this paper, ten-dimensional super-twistors are introduced which similarly provide a compact covariant description of on-shell d=10 super-Yang-Mills. 
Introduction
In four dimensions, twistor variables were introduced in 1967 by Penrose as an alternative description of spacetime in which light-like lines replace points as the fundamental objects [1] . Instead of the usual spacetime vector variable x µ for µ = 0 to 3, Penrose's twistor variables consist of bosonic two-component spinors (λ a , µȧ) where a,ȧ = 1 to 2.
The relation between these two descriptions is given by
where P µ is the light-like momentum, σ µ aȧ are the d=4 Pauli matrices, andλȧ is the canonical momentum variable to µȧ. These d=4 twistor variables transform linearly under SO(4, 2) conformal transformations and provide a compact description of massless states.
In 1978, Ferber [2] When N = 4, these super-twistors provide a compact covariant description of on-shell maximally supersymmetric d = 4 super-Yang-Mills. Expanding in powers of η J , a scalar twistor superfield Φ(λ, µ, η) of momentum P µ = λ a σ µ aȧπȧ (whereπȧ is the eigenvalue of the operatorλȧ) has the expansion amplitudes [4] . These super-twistor methods were further developed in hundreds of papers and drastically simplify the conventional Feynman diagram techniques for computing N = 4 d=4 super-Yang-Mills scattering amplitudes.
Despite this progress in computing N = 4 d=4 super-Yang-Mills amplitudes using super-twistors, there has been very little discussion of super-twistors in higher dimensions.
Although super-Yang-Mills is only conformally invariant in four dimensions, the most natural formulation of maximally supersymmetric Yang-Mills is in ten dimensions where the only physical fields are a gluon and gluino. Moreover, super-Yang-Mills in ten dimensions is the low energy limit of open superstring theory, and superstring theory and twistor theory have many similar features [5] [6] . For example, both superstring theory and twistor theory provide drastic simplifications to conventional Feynman diagram methods, at least when the external states are on-shell. This suggests that any d=10 super-twistor description of super-Yang-Mills might be related to superstring theory.
In this paper, a new d=10 super-twistor description will be introduced which consists of the bosonic d=10 spinors (λ α , µ α ) for α = 1 to 16, and the fermionic d=10 vector Γ m for m = 0 to 9. These super-twistor variables will be constrained to satisfy
where γ m αβ are the d=10 Pauli matrices satisfying γ
The first constraint of (1.4) implies that λ α is a d=10 pure spinor with 11 independent components, and the remaining constraints of (1.4) imply that µ α and Γ m each have 5 independent components.
These d=10 super-twistor variables are related to the usual d=10 superspace variables (x m , θ α ) by the map
whereλ α is the canonical momentum variable to µ α andΓ m is the canonical momentum variable to Γ m .
The use of bosonic pure spinor variables (λ α , µ α ) to describe higher-dimensional twistors has previously been discussed in [7] [8] [9] , and the d=10 super-twistor variables of (1.4) can be understood as a "complexified" version of the real d=10 super-twistor variables introduced in [10] . Unlike in four dimensions where the super-twistor variables transform linearly under d = 4 superconformal transformations, the d=10 super-twistor variables transform linearly only under d=10 super-Poincaré transformations. Note that d=4 super-twistor variables involving fermionic vectors have been discussed in [11] , and d=10 super-twistor variables involving fermionic scalars have been discussed in [12] .
To describe on-shell d=10 super-Yang-Mills, the twistor superfield Φ(λ, µ, Γ) should satisfy the constraint BΦ = 0 where
is a super-Poincaré covariant operator. The condition BΦ = 0 implies that Φ depends on only 4 of the 5 independent Γ's, so Φ has 2 4 component fields as expected. Expanding in Γ m , the component super-Yang-Mills fields appear in the twistor superfield as
where P m = λγ mπ , h m is any constant vector satisfying h m P m = 1, the d=10 gluon polarization has been split as a
, and the d=10 gluino polarization has been split as
Using the relation of (1.5) to map super-twistor variables into superspace variables, one finds that B maps into
α where D α is the d=10 supersymmetric derivative and u α is any spinor satisfying u α λ α = 1. And Φ of (1.7) maps to λ α A α (x, θ) where
In the pure spinor formalism for the superstring [13] 
where U r (z r ) = b −1 V r (z r ) is a dimension-one vertex operator and b −1 denotes the single pole with b.
Since Φ maps to V and B maps to the b ghost, it is natural to try to formulate a similar prescription for d=10 super-Yang-Mills tree amplitudes in terms of twistor superfields. As in d=4, it will be shown that the cubic super-Yang-Mills amplitude in d=10 is proportional to the super-twistor integral
However, it is not yet understood how to obtain the correct proportionality factor coming from momentum conservation for this cubic d=10 amplitude. Furthermore, for higherpoint amplitudes, the appropriate super-twistor prescription is not known and will require the construction of a worldsheet action for the super-twistor variables.
In section 2 of this paper, the four-dimensional super-twistor description of N = 4 d=4
super-Yang-Mills is reviewed. In section 3, the d=10 super-twistor variables are introduced, the twistor superfield for d=10 super-Yang-Mills is constructed, and the super-twistor prescription for super-Yang-Mills tree amplitudes is discussed. These variables transform linearly under P SU (2, 2|4) superconformal transformations which are generated by
where (μ a ,λȧ,η J ) are the canonical momenta variables to (λ a , µȧ, η J ) and σ µ aȧ are the d=4 Pauli matrices. These superconformal generators all commute with the generator
which defines the "projective weight".
The above super-twistor variables are related to the usual N = 4 d=4 superspace variables (x µ , θ aJ ,θȧ J ) by the relation
One can easily check that this map is invariant under the above P SU (2, 2|4) superconformal transformations if one defines (x µ , θ aJ ,θȧ J ) to transform in the standard manner.
Twistor superfield for d=4 super-Yang-Mills
Just as on-shell N = 4 d=4 super-Yang-Mills can be described using gauge and fieldstrength superfields depending on (x, θ,θ) superspace variables, it can also be described by a scalar twistor superfield Φ(λ, µ, η). The map of (2.3) relates this twistor superfield with the spacetime field-strength superfield Fȧ˙b(x, θ,θ) whose θ =θ = 0 component is the linearized self-dual field-strength fȧ˙b = (σ µν )ȧ˙b∂ µ a ν .
To show this relation, first note that if Fȧ˙b is written in momentum space where the light-like momentum satisfies P µ = λ a σ µ aȧπȧ , Fȧ˙b can be expressed as Fȧ˙b =πȧπ˙bF (x, θ,θ) where the θ =θ = 0 component of F is the −1 helicity component of the gluon. In other words, if the gluon polarization a µ is split as
where (ǫ a ,ǭȧ) are arbitrary spinors satisfying ǫ a λ a =ǭȧπȧ = 1, a − is the θ =θ = 0 component of F . Furthermore, the superspace constraintsD
where
To relate F (x, θ,θ) to Φ(λ, µ, η), define the scalar twistor superfield with momentum
where f (η J ) is an arbitrary function of η J . The map relating F (x, θ,θ) and Φ(λ, µ, η) is defined by
where F (x, θ,θ) has momentum P µ = λσ µπ and Φ(λ, x, θ,θ) is obtained from Φ(λ, µ, η) [14] . Only the degree zero curve where λ a is constant will be discussed here, which is non-vanishing for cubic "self-dual" amplitudes, i.e.
the supersymmetric completion of amplitudes involving two gluons of −1 helicity and one gluon of +1 helicity. Note that although the cubic amplitude vanishes for real momentum in signature (d − 1, 1), it is non-vanishing for real momentum in signature (
2 ). In signature (2, 2), there are two possible ways for the momentum conservation con- 
where f (r) (η) is defined in (2.8), the cubic self-dual super-Yang-Mills amplitude can be expressed as the super-twistor integral
where the trace is over the color indices of Φ. The integral over dλ 2 d 2 µ d 4 η is easily performed and gives
− ]a
which is the correct expression for the self-dual super-Yang-Mills amplitude where ... is the supersymmetric completion of the self-dual gluon amplitude.
Ten-Dimensional Super-Twistors

d = 10 super-twistor variables
As discussed in [7] [8] [9] , the natural generalization of four-dimensional twistor variables (λ a , µȧ) to higher dimensions is (λ α , µ α ) where λ α is a pure spinor and µ α is related to the spacetime variables x m by the map µ α = x m (γ m λ) α . In ten dimensions, a Weyl spinor has 16 components (i.e. α = 1 to 16), and a pure spinor must satisfy λγ m λ = 0 which implies that λ α has only 11 independent components. Furthermore, µ α = x m (γ m λ) α implies that µ α satisfies µ α λ α = µγ mn λ = 0, which implies that µ α has only 5 independent components. Note that in spacetime with signature (9, 1), (λ α , µ α ) are complex variables.
But just as four-dimensional twistors are real variables in signature (2, 2), ten-dimensional twistors are real variables in signature (5, 5) . In this paper, we shall choose the signature (5, 5) so that λ α andλ α are independent real variables.
As in four dimensions, µ α can be interpreted as the canonical momentum variable toλ α where the light-like spacetime momentum is P m = λ α γ m αβλ β . Note thatλ α is not required to be a pure spinor, and P m P m = 0 follows from the d=10 gamma-matrix identity As in four dimensions, the statistics of the fermonic twistor variable is opposite from the statistics one would expect from its Lorentz representation. One also modifies the
So the ten-dimensional super-twistor space is defined by the variables (λ α , µ α , Γ m ) which are constrained to satisfy
These constraints imply that µ α and Γ m can be expressed in terms of d=10 superspace
which closely resembles the four-dimensional relation of (2.3). Furthermore, these supertwistor variables transform linearly under d=10 super-Poincaré transformations which are generated by
where (μ α ,λ α ,Γ m ) are canonical momentum variables for (λ α , µ α , Γ m ).
It is easy to verify that the generators of (3.3) commute with the constraints of (3.1)
and form a d=10 super-Poincaré algebra. As in four dimensions, the operator
defines the projective weight and commutes with the super-Poincaré generators. Finally, it will be useful to define the fermionic operator
which commutes with both the constraints of (3.1) and with the super-Poincaré generators of (3.3).
If one sets the fermionic variables Γ m andΓ m to zero, the d=10 Poincaré algebra can be extended to a conformal algebra by including the generators K m = µγ mμ and D = µλ − λμ. However, after including Γ m andΓ m , there is no obvious way to extend the d=10 super-Poincaré algebra to a superconformal algebra. This is of course not surprising since d=10 super-Yang-Mills is not superconformally invariant.
d=10 twistor superfield
In this section, it will be shown that on-shell d=10 super-Yang-Mills is described by a scalar twistor superfield Φ(λ, µ, Γ) of +1 projective weight which is annihilated by the B operator of (3.5) . This twistor superfield can be mapped to the spacetime superfield V = λ α A α (x, θ) which appears in the pure spinor formalism, and the condition of +1
projective weight is related to the +1 ghost-number of V . The condition that BΦ = 0 comes from a gauge-fixing condition on A α and implies that Φ depends on only 4 of the 5 Γ's, which is the same number of fermionic variables as in the four-dimensional supertwistor.
In the pure spinor formalism for the superparticle or superstring, linearized on-shell d=10 super-Yang-Mills is described by the vertex operator V = λ α A α (x, θ) satisfying 
where h m is any constant vector satisfying h m P m = 1,
the superfield-strength whose θ = 0 component is the gluino, and F mn = ∂ [m A n] is the superfield-strength whose θ = 0 component is the gluon field strength.
To relate V = λ α A α with a twistor superfield, suppose that the momentum P m sat-
Since the momentum P m = λγ mπ is invariant under the transformation δπ α = (γ mn λ) α Ω mn for arbitrary Ω mn , one can chooseπ α so that it is a pure spinor satisfyingπγ mπ = 0. The d=10 twistor superfield will then be defined in analogy with (2.6)
To satisfy BΦ = 0 where B is defined in (3.5), f (Γ m ) must satisfy (λγ mπ )
∂ ∂Γ m f = 0 which implies that f (Γ m ) depends on only four of the five independent Γ's.
The map relating V = λ α A α with Φ(λ, µ, Γ) will be defined as in (2.7) by
where V (λ, x, θ) has momentum P m = λγ mπ and Φ(λ, x, θ) is obtained from Φ(λ, µ, Γ)
. It is easy to use .7) is satisfied. Using the identification of (3.9) with V (λ, x, θ), one learns (up to constant coefficients) that Furthermore,πγ mπ = 0 implies that f (Γ m ) is independent of the explicit choice of h m .
It might seem surprising that unlike the N = 4 d=4 twistor superfield which is bosonic, the d=10 twistor superfield of (3.8) is fermionic. This is related to the fact that upon dimensional reduction to d=4, Γ m = λγ m θ involves the chiral d=4 θ J a 's for J = 1 to 3 in the linear combinations η J = λ a θ J a , but also involves the antichiral d=4θȧ 4 's in the combinations λσ µθ 4 . So the dimensional reduction of the d=10 twistor superfield is not the d=4 twistor superfield of (2.6).
d=10 super-Yang-Mills tree amplitudes
Since , and this will lead to a missing proportionality factor in the d=10 super-twistor prescription.
The natural d=10 generalization of the d=4 super-twistor prescription of (2.11) is
where Φ (r) is defined as
and f (r) (Γ) is defined in (3.10). The integral d 5 Γ will be defined as 15) which is consistent with the constraint
Performing the integration
This would be the correct cubic super-Yang-Mills amplitude if
were equal to
However, as remarked earlier, r P m (r) = 0 does not imply λ (1)jk = λ (2)jk = λ (3)jk , so the first line of (3.16) is too restrictive.
Despite this incorrect proportionality factor, it is remarkable that
correctly reproduces the polarization dependence of the cubic super-Yang-Mills amplitude in the second line of (3.16) . This is related to the fact that f (r) (Γ) is mapped to V (r) = λ α A (r)α (x, θ), and the cubic super-Yang-Mills amplitude prescription in the pure spinor
where the normalization of is defined by
Because of its close relationship with the pure spinor formalism, it might be possible to get intuition about a super-twistor prescription for N -point tree amplitudes from the pure spinor formalism. The N -point tree amplitude prescription using this superstring formalism is However, in order to evaluate this amplitude prescription, one first needs to define a worldsheet action for the super-twistor variables and compute their OPE's. If this can be done, it seems reasonable to conjecture that the resulting twistor string theory will be related to the usual d=10 superstring theory by a field redefinition. It is intriguing that the bosonic super-twistor variables λ α resemble the the bosonic ghost variables in the pure spinor formalism, whereas the fermionic super-twistor variables Γ m resemble the fermionic matter variables in the RNS formalism. In fact, a recent proposal in [17] for relating the pure spinor and RNS worldsheet variables defined fermionic variables Γ m = λγ m θ and Γ m = uγ m d which were related to the RNS variables by twisting [18] as
where ψ m is the RNS fermionic matter variable and γ is the RNS bosonic ghost variable.
